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IOUTLINE]

I.A general model framework for latent variable modelling:
Generalised Linear Latent And Mixed Models (GLLAMM)

I1. Estimation methods: When do they work and fail?

e Methods assuming normal latent variables

— Marginal and Penalized Quasi-Likelihood
— Maximum Likelihood

+ Gaussian quadrature

+ Adaptive quadrature

o Non-Parametric Maximum Likelihood

II1. Prediction methods for latent variables: When do they work
and fail?

e Empirical Bayes assuming normal latent variables

o Empirical Bayes based on non-parametric maximum
likelihood

IV. conclusion
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I. GLLAMM |

e Response model: Generalised linear model conditional on
latent variables

— Linear predictor: latent variables as factors or random
coefficients

— Links and distributions
o Structural model

— Regressions of latent variables on observed variables

— Regressions of latent variables on other latent variables
e Distribution of the latent variables (disturbances)

— Multivariate normal

— Discrete

'GLLAMM: Links and families]

e The conditional expectation of the response is ‘linked’ to the
linear predictor
9(Elylx,n,2]) = v
e The conditional distribution of the response is from the
exponential family:

o Heteroscedasticity: Dispersion or scale parameters can be

(1

modelled as logo =z«

Links Ordinal responses
identity e . ] dinal logit
) Families ordinat fogr
reciprocal 3 ordinal probit
| C Gaussian
ogarithm ordinal compl. log-lo
] gamma pl. fog-loe
logit . scaled ord. probit
] Poisson
probit bi ol
nomia . .
scaled probit | Prnomial | ‘ Nominal & Rankings ‘
compl. log-log ‘ multinomial logit ‘
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GLLAMM: Linear Predictor]

L M
v=xpB+> Y 77;(711)257]:)1)‘571:) for identification, /\5711)1 =1
=2 m=1

e Fixed part: x'3 as usual

e Random part:

— n{l) is mth latent variable at level [, m =1,--- M,
[=2--,L
- n,(,]f can be a factor or a random coefficient

— z{!) are variables and A!) are parameters

'Random coefficient models in GLLAMM]

e One covariate multiplies each latent variable,

1) (1 l
771(71)2( ) (Agn) = 1)

m

e e.g. Latent growth curve model for individuals j (level 2)

observed at times ¢;;, i = 1,---,n; (level 1)
2 2
vij = P1+ Batij + HL) + 772‘,-)15/‘,'

B1, B2 :  mean intercept and slope
nﬁ), ng): random deviations of the subject-specific intercepts
and slopes from their means
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'Factor models in GLLAMM]

e A linear combination of dummy variables for the items
multiplies each latent variable,

O, (0)ry (1
7]1(71)z5n) AI(H)

e e.g. One-factor model for items i, i = 1,---, I (level 1) and
subjects j (level 2)
vij = P16+ -+ Bron + 7752)(51/ + )\-(22)52/ SRR )\(12)51/)

2

2)y (2
=B+ A7,

where

1 ifp=1
(5111' = .
0 otherwise

B;:  intercept for item
n;:  common factor

A factor loading for item 3, )\gz) =1

unit j item i 4§y 0o -+ dp Yij
1 1 1 0 -+ 0 yn
1 2 0 1 -+ 0 yn
1 I 0o 0 -+ 1 yn

GLLAMM: Structural model]

o Regressions of latent variables on other latent and explanatory

variables
n=Bn+Tw+¢
2 2 2 1 1 L
*nN= (,’75 )777;)a'"anA(\[ZW"7775)7"'7775\[),7"3,’74(\[,)/)1

(M elements)
— factors

— random coefficients

e B is an upper diagonal M x M matrix of regression
coefficients

e I'is an M X p matrix of regression coefficients
e w is a p dimensional vector of explanatory variables

e ¢ is an M dimensional vector of errors/disturbances
(same level as corresponding elements in 1)
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GLLAMM: Latent variable distributions]

e Multivariate normal disturbances ¢V with covariance matrices
W independent across levels
o Discrete

— Mixture model
* latent class model
* latent profile model

— Nonparametric estimator of a continuous, discrete or mixed
distribution

II. ESTIMATION
METHODS FOR GLMM'’s

e Marginal Quasi Likelihood (MQL) and Penalized Quasi
Likelihood (PQL)

e Maximum Likelihood (ML)
— Gaussian Quadrature (GQ)
— Adaptive Quadrature (AQ)

e Non-Parametric Maximum Likelihood (NPML)

e Markov Chain Monte Carlo (MCMC)
[Will not cover MCMC in this talk!]




\For simplicity: Random intercept modeII

e Linear predictor:
— Two-level random intercept model (unit i, cluster j)
2 2 :
vy = x;B+¢7, ¢~ N0, p?)
— Three-level model random intercept model (unit ¢, cluster 7,
supercluster k)
2) | (3 2 ; 3
vige = XY ¢~ NO0,9), 6P ~ N (0,4

Slide 11 e Latent response formulation for dichotomous observed

responses:

— Threshold model:

Yijk = Vijk + €iji,
1if g, >0
Yijk = ) !
0 if g, <0

— Type of model:
* LOGIT random intercept model if €;;; ~ Logistic,
var(e;jr)=7/3
* PROBIT random intercept model if €;j; ~ N(0, 1)

Intra-class correlation]

e Intra-class correlations for latent responses

— Two-level logit random intercept model

P
p= cor(y,.j7y/,j|x1-.,-) = m
— Three-level logit random intercept model
B 4y

pa = cor(Yijp YijilXijn) = DO+ 40 4 12/3

Slide 12 3) @
o cor (Y Yo Xijn: G) = o0+ 723

P
P = Cor(yijkvyﬂjfk‘xlﬂ.-) = m

o Designing simulations:

Relation between 9(*) and p in two-level model

% 10.01 0.10 0.50 2 4 10 20

logit: p 1000 0.03 0.13 0.38 055 0.75 0.86
probit:  p|0.01 0.09 033 050 0.67 0.80 0.91 0.95
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‘MQL and PQL: Approximate linear mixed models

e Conditional expectation of the response in generalized linear
mixed models

mij = h(vij),
where h(-) is the inverse link function.
e Linearize by expanding h(v;;) as a 1st order Taylor series
around the ‘current’ value of the linear predictor
_ A, A2
7y = X8+
yij & h(wi;) +x};(8 - BN (7))
2 x(2 _
+H¢? = G ()
+E€ijs
where ¢;; is a heteroscedastic error term with variance ¢V (fi;;)
corresponding to the chosen distribution

(e.g. Schall, 1991; Goldstein, 1991; Wolfinger, 1993; Breslow and
Clayton, 1993; McGilchrist, 1994)

o Reformulate as approximate linear mixed model
_ 2 —
yij —wij & Xk ()8 + (R () +eij,
— Y
vl x: )
with offset w;; = A(7;) — (x;8 + (V) (7))

e Estimate as if linear mixed model

\MQL and PQL cont’dI

Extend Taylor expansion to 2nd order for the random part
(e.g. Goldstein, 1995; Goldstein and Rasbash, 1996)
v~ h(my) +x3;(8 — BN (7))
2) X2 _
+(( = P ()
1. e _
+ 57 = P )

-

+€ije
o Types of estimators:

1st order 2nd order
{?=0 |MQL-1| MQL-2
(P ~EB| PQL-1 | PQL-2

e PQL better approximation than MQL and second order
expansions of the random part improve on first order

o Software:
— HLM (also higher order Laplace for two-level models)
— MLwiN (also bias-correcting bootstrap)

AN

~1
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|Performance of MQL & PQL]

e Pros:
— Computationally efficient
— Perform well when posterior is close to normal:
+ Conditional distribution of responses given random effects
close to normal
- Poisson distribution with mean 7 or greater
(e.g. McCullagh and Searle, 2001)
- Proportions with large binomial denominators
* Large cluster size

e Cons:
— Downward bias of fixed effects, random effect variances and

their standard errors for

* Dichotomous data with small cluster sizes
(e.g. Rodriguez and Goldman, 1995, 2001: Breslow and Lin, 1995;
Lin and Breslow, 1995; Goldstein and Rasbash, 1996; Browne and
Draper, 2002)

* ‘Large’ variance components

— No likelihood!

— Difficult to assess performance for a given application

'Misbehaviour of MQL & PQL: Simulation]

e 500 datasets simulated to have the same structure as data
from the 1987 Guatemalan National Survey of Maternal and
Child Health (Browne and Draper, 2002)

e Qutcome: whether women received prenatal care or not

e Simulated 2449 births i (level 1) by 1558 women j (level 2)
from 161 communities & (level 3) from a three-level logit
random intercept model with one covariate at each level:

2 3
Mijk = Bo + Brauijr + Bamaji + Pasxsr + CJ('A-) +¢”

Estimate Coverage 95%Cl
True MQL-1 PQL-2 MQL-1 PQL-2

fo 0.65 [0.47] 0.61 92
G 1.0 0.74]  0.95 96
B 1.0 0.96 91
B 1.0 0.73] 094 90
P@ 1.0 0.03] [0.57 [0]
3 1.0 0.55] 0.89

pa = 0.38, p, = 0.23 and p, = 0.19.

®
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Gaussian Quadrature (GQ)

e Exploit conditional independence of responses given latent
variables

Flug 001678 A) = T (w167 B, 0)
1
o ‘Marginal’ likelihood contribution

GBAY) = [(G7:0,0) T wilG”: 8. 0)d¢”

e Change of variable [u; = (52)/\@
GBAY) = [ $(w) T1F(wiilybu;)du;

e Gaussian quadrature approximation
(e.g. Bock & Lieberman, 1970; Butler and Moffitt, 1982)

R
LB AY) ~ Y W, I1 £ (i |VPA,),

— r=1,.., R quadrature points
— W, quadrature weights
— A, locations
o Approximation exact if II; f(yij|v/¥u;) were a (2R — 1)th
polynomial in u;

e Software: aML, gllamm, MIXOR(etc.)

|Performance of GQ|

e Pros:

— Works well for dichotomous responses with small to
moderate cluster sizes, precisely where MQL/PQL fails
(e.g. Rodriguez and Goldman, 2001; Stryhn et al., 2000;
Rabe-Hesketh et al., 2001).

— Performance easily assessed by comparing solutions with
different numbers of quadrature points.

e Cons:

— Computationally intensive, particularly for many random
effects. Large number of quadrature points often needed to
closely approximate the likelihood
(e.g. Crouch and Spiegelman, 1990)

— Problematic if the posterior distribution has a sharp peak
% Dichotomous responses with:

- large cluster sizes (e.g. Lee, 2000)
- high intraclass correlation (e.g. Lesaffre & Spiessens, 2001).
* Counts (conditionally Poisson distributed) (e.g. Albert and
Follmann, 2000).
x Continuous responses (conditionally normally distributed)

AN
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GBAY) — /¢S’j.z‘) |:¢(0'jvj+ﬂj)nif(yjj\/@(Ujvj‘{‘llj))

G(B, A )

‘ Adaptive Quadrature (AQ)

o Reformulation of likelihood contribution
(e.g. Naylor and Smith, 1982; Liu and Pierce, 1994: Pinheiro and Bates,
1995; Rabe-Hesketh, Skrondal and Pickles, 2002)

) T S (i)

M du;
O(uj; pj, 07) !
Sl )

GBAY) = [ ¢(uj;u‘;,o,?>[

- (b(u‘]‘;ﬂ.h(f‘?): normal density approximating posterior
(approximately proportional to the numerator in [ ])

e Change of variable [v; = (u;—p;)/0;]

O'J'dllj

\/%oj eXP(*U?/Q)
e Approximation via adaptive quadrature

R 00 Ar+pj) T (Y3 [V (0, A+ 1))
P { L exp(—42/2)

270,

R
> wirll FlyiilVay,)

Q

= ajy = 0jA +
V20 exp(A7/2)¢(a;Ar + pj)W,

o Software: gllamm, SAS NLMIXED (only two-level models)

- Wiy

Adpative quadrature places quadrature

locations under peak of integrand

Quadrature

00 02 04
<

Adaptive quadrature

00 02 04
.

Prior (dotted curve) and posterior (solid curve) densities

(Integrand is proportional to posterior)
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\Performance of AQI

e Pros:
— Works well

« if the posterior densities are nearly normal (e.g. large
cluster sizes and/or counts.)

x if the posterior densities are highly non-normal and not
too peaked (e.g. dichotomous responses, small cluster
sizes and moderate intraclass correlation)

* even when the posterior densities are highly non-normal
but with sharp peaks, e.g. dichotomous responses, small
cluster sizes and large intraclass correlation
(Rabe-Hesketh, Skrondal and Pickles, submitted)

— Implementation in gllamm more computationally efficient
than ordinary quadrature
e Cons:

— Computationally intensive, especially for many latent
variables. But: spherical rules improves efficiency
(Rabe-Hesketh, Skrondal and Pickles, submitted)

— Less computationally efficient than MQL/PQL

\Behaviour of GQ and AQ: SimulationI

100 simulations from two-level probit random intercept model

Mij = Bo + P1x1ij + Paxaj + §§2)

Relative bias (4 — \/4)/\/@ for different intra-class

correlations p and cluster sizes n;.

GQ
B LIls o4
IIEE%EE%
:
N £
0.3 045 0.6 0.75 0.9 0.3 0.45 0.6 0.75 0.9 0.3 0.45 0.6 0.75 0.9
10 100 500
Correlation and cluster size
AQ
P A T T - B
R I i
8 -
0.30.45 0.6 0.75 0.9 0.3 0.45 0.6 0.75 0.9 0.3 0.45 0.6 0.75 0.9
10 100 500

Correlation and cluster size
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‘Behaviour of AQ: Poisson exampIeI

e A randomized longitudinal epilepsy trial comparing a new drug
with placebo. Outcomes are seizure counts y;; for patient j
during the two weeks before visit 7. Data from Leppik et.al, 1987,
analysed by e.g. Thall and Vail, 1990; Breslow and Clayton, 1993

e Covariates (Breslow and Clayton, 1993):

— Ibas: log of a quarter of number of seizures in eight week
preceding entry into the trial

— treat: dummy variable for treatment
— Ibas_trt: interaction between lbas and treat
— v4: dummy variable for fourth visit to account for drop in

seizure counts during fourth interval

e Log-linear (Poisson regression) model with a random intercept
for subjects
2
log(pj) = x;B8 + (.

(Model II in Breslow and Clayton, 1993)

‘Behaviour of AQ: Poisson example cont'dI

Model 11

PQL-1 GQ(20) AQ(10)
Fized effects
Ibas 0.87 (0.14)  0.94 (——) 0.88 (0.13)
treat -0.91 (0.41) [-1.42](0.22) -0.93 (0.40)
labs trt 0.33 (0.21) [0.59](0.11) 0.34 (0.20)
lage 0.47 (0.35) [0.70] (0.30) 0.48 (0.35)
v4 -0.16 (0.05) -0.16 (0.05) -0.16 (0.05)

Random effect
SD of intercept  0.53 (0.06)  0.51 (0.05) 0.50 (0.06)




Slide 25

Slide 26

Non-parametric maximum likelihood estimation

NPMLE

o The likelihood contribution has the form
R -
LB A TR ) = 3 m I Fsl¢? = 2)
r= i

— 2z, are location parameters, 7, are mass parameters and zp,

T are the corresponding R-dimensional parameter vectors.

— Gaussian quadrature has the same form with 2z, replaced by
VA, and 7, replaced by W,. But: crucial difference that
A, and W, fixed apriori and not estimated.

(e.g. Aitkin, 1999: Rabe-Hesketh, Pickles and Skrondal, revised)

e NPMLE:
— Increase number of mass-points until likelihood does not
increase
— Mass-points introduced one by one using the concept of a
directional derivative

Software: gllamm

Example:

Logistic regr. with covariate measurement error

e Problem

— Effect of fibre intake (continuous, measured twice on a
subset of subjects) on coronary heart disease (CHD
present/absent) (Morris, Marr and Clayton, 1977)

e Data and notation

— Responses are dietary fibre intake (=1, 2) and coronary
heart disease (i = 3)

— 1 is jth subject’s true dietary intake

e Measurement model for fibre intake: y;;, 42; conditionally
independently normally distributed with

Elygln) = Bi+njy i =1,2 (a=X=1)

2 .
0°  [Measurement error variance]

var(y;;|n;]

Disease model: y;3 conditionally Bernoulli with

logit (E[ys;|n;]) = Bz + miAs [A3 is log(OR)]




‘Structural equation modelsI

1. Solely direct effect of z on y;3

Measurement model : Ely;|n;] = Bi+mn;, j=1,2
Disease model : logit(E[ys;j|n;]) = B3+ Baxj +njAs

2. Solely indirect effect of x on y3

n =77+
Measurement model : Ely;;|n;] = B +vz;+ ¢
B3 + A3z + (A3

Slide 27 Disease model : logit(E[ys;|n;])
= Requires nonlinear constraints or structural model
3. Both direct and indirect effects of z on y;3

Measurement model : Efy;;|n;] = i + vz + ¢
B+ (Bs +vXs)z; + (A

Disease model : logit(FE[ys;|n;])

N /

‘Normal VS. non-parametric exposure distributionI

GQ(60) NPMLE(6)
Parameters Estimates SE Estimates SE
A3 -0.13 0.05 -0.15 0.06
a? 6.95 1.14 6.13 0.86
) 23.66 0.52 2493 —-

Log-likelihood=-1372.4 Log-likelihood=-1319.8

Slide 28

0.4

probability
0.2

0.1

0 10 20 30

true fibre intake
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‘Simulation: Normal true exposure distributionI

Quadrature (60 points)
Parameter True value Mean SD Bias RMSE

A3 -0.13 -0.13 0.04 0.00 0.04
a? 6.86 7.04 108 0.18 1.09
) 23.81 2335 2.64 -046 267
NPMLE
Parameter True value Mean SD Bias RMSE
A3 -0.13 -0.13 0.04 0.00 0.04
a? 6.86 659 1.11 -0.27 1.14
p) 23.81 23.82 263 0.01 262

‘Skewed true exposure distributionI

40 50 60
| )

percentage
30
|

10
I
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‘Simulation: Skewed true exposure distributionI

Quadrature (60 points)
Parameter True value Mean SD Bias RMSE

A3 -0.13 -0.10 0.04 0.03 0.05
a? 6.86 7.06 1.13 020 1.14
) 23.81 23.00 483 -081 4.88
NPMLE
Parameter True value Mean SD Bias RMSE
A3 -0.13 -0.14 0.08 -0.01 0.08
a? 6.86 6.42 098 -0.44 1.07
p) 23.81 23.63 4.71 -0.18  4.69

II1. PREDICTION OF
LATENT VARIABLES

e Empirical Bayes (EB) prediction: posterior mean of latent
variable given response with estimates plugged in
e Normally distributed latent variable:

— Posterior mean for unit j

C‘JEB = Bl¢ly ;i B A0 = I¢io(;:0,9) i T (iG55 8, A)d¢;

(B, X, 9)
— Posterior variance for unit j
o D26(¢5; 0,%) T f(vi51¢5; B, A)d
Var[C‘,-|yl,-;,87)\,1/)} — f((l) ¢(gluo’€w()AH5-\f(zAl)l|<J .3 ) gl
] IRAT]

— E[Gly;i B A 9
— The integrals are evaluated using adaptive quadrature
o NPMLE-based prediction:
P =E[¢ly;; BN 7, 2x] =

SE | g Wier f(0iglG = 2658, A, R, 21
l/ (ﬁ’ Av 7?]{7 i[\')
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\Performance: Prediction for skewed exposureI

Normality assumed

- 4
@
2
g o
o
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2 o
g -
E
3
]
o 4
@
T T T T
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true value
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3 o
o 4

true value

~

\Variances of latent variable predictionI

1. Posterior variance:

var((‘,-|yj,x‘,-,0)
2. Marginal sampling variance:
vary (¢5%1x;.0)
‘Diagnostic’ variance in Goldstein (1995)
3. Conditional sampling variance:
Vary(éFB\Ch Xj, a)
4. Prediction error variance (marginal):
vary((;fB—(j\x‘,-,é)

‘Comparative’ variance in Goldstein (1995)
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‘Obtaining the standard errors of predictionI

o Posterior variance obtained by numerical integration (as
shown)

e Approximate expression for prediction error variance
var[(;fB—(j\x‘,-;H] ~ var[(‘,-|yj,x‘,-;0].
e Approximate expression for the marginal sampling variance
var((jlx;; 8] = Ey[var[(j\yj,xj;OH
+ vary [E[(‘,-|yj,x‘,-; 0]] .
SR ARy
ZEB
This can be rewritten as

vary[§$B|xj;9} = var[(j|x‘,-;9] - Ey [var[(j\yj,xj;éﬂ

w—var[(‘,-\yj,xj;O}.

R

| IV. CONCLUSION |

e Adaptive quadrature appears to work well in all situations
— MQL/PQL and ordinary Gaussian quadrature obsolete?

o Estimation based on normality appears to be quite robust
against misspecification of the latent variable distribution

o Prediction based on normality does not appear to be robust
against misspecification of the latent variable distribution
= Non-parametric maximum likelihood should be used for
prediction of latent variables

e Suggested methodology for estimation and prediction is

— applicable for entire GLLAMM framework (not just random
intercept models!)

— implemented in gllamm software running in STATA
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\Selected references from GLLAMM projectI

o GLLAMM framework:

— Generalized latent variable modeling: Multilevel, longitudinal and
structural equation models. Boca Raton, FL: Chapman & Hall/ CRC, to
appear. (A.Skrondal & S.Rabe-Hesketh).

— “Generalised multilevel structural equation modelling”. Psychometrika,
2003, in press (S.Rabe-Hesketh, A.Skrondal & A.Pickles).

— “Parametrization of multivariate random effects models for categorical

s, 57: 1256-1264, 2001. (S.Rabe-Hesketh & A.Skrondal).

data”. Biometri
— “Multilevel logistic regression for polytomous data and rankings”.
Psychometrika, 2003, in press (A.Skrondal & S.Rabe-Hesketh).

gllamm software:

— GLLAMM Manual. London: Institute of Psychiatry, 2001. [128p].
(S.Rabe-Hesketh, A.Pickles & A.Skrondal).
www.iop.kcl.ac.uk/IoP/Departments/BioComp/programs/gllamm. html

Adaptive quadrature:

— “Reliable estimation of generalized linear mixed models using adaptive
quadrature”. The Stata Journal, 2: 1-21, 2002. (S.Rabe-Hesketh,
A.Skrondal & A.Pickles).

— “Maximum likelihood estimation of limited and discrete dependent
variable models with nested random effects”. Submitted to Journal of

Econometrics. (S.Rabe-Hesketh, A.Skrondal & A.Pickles).
e Non-parametric maximum likelihood:
— “Correcting for covariate measurement error in generalised linear models

using nonparametric maximum likelihood estimation”. Revised for
Statistical Modelling. (S.Rabe-Hesketh, A.Pickles & A.Skrondal).




